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Abstract
The maximal graded subalgebras of the restricted simple Lie algebras of Cartan type Wn, Sn, Hn,
and Kn are studied. The notion of an R-subalgebra and that of an S-subalgebra are introduced for
maximal subalgebras. All maximal R-subalgebras are described completely. The number of conju-
gacy classes, representatives of conjugacy classes and the dimensions of all R-subalgebras are found.
An invariant description of graded S-subalgebras is also obtained.
 2004 Elsevier Inc. All rights reserved.
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Introduction
The description of the maximal subsystems of any algebraic system is an essential step
toward the structural characterization of the system. In particular, for semisimple Lie alge-
bras over the field of complex numbers, study of maximal subalgebras was begun around
1940 by V.V. Morozov [21] and A.I. Maltsev [16] 50 years after the fundamental clas-
sification results of Killing and Cartan. The method of nilpotent elements of semisimple
Lie algebras, introduced by Morozov, was crucial to the complete classification of the non-
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these results in terms of closed subsystems of the root system, which can be stated as
follows: a nonsemisimple maximal subalgebra of a classical Lie algebra is parabolic.
The study of semisimple maximal subalgebras in complex classical Lie algebras, which
was initiated by A.I. Maltsev, was carried out in a broader setting as the classification of
all semisimple subalgebras. In his famous paper [16], fundamental results were obtained
about simplectic and orthogonal representations, and sl2-triples; he also identified the basic
ideas for studying the maximal subalgebras of the complex classical Lie algebras. It was
E.B. Dynkin who materialized these ideas in [3]. He was able to work mainly with Lie
algebras, but because over the field of complex numbers results for Lie algebras are essen-
tially interchangeable with results for the corresponding simply connected Lie groups, the
analogous results for groups followed afterwards [4]. At present, the structure and descrip-
tion of all maximal subalgebras in classical complex simple Lie algebras is so simplified
that it is included in introductory Lie theory textbooks (see [1, Chapter VIII]).
As C. Chevalley showed [2], the classification of simple algebraic groups over an alge-
braically closed field of characteristic p > 0 is essentially the same as the classification of
simple Lie groups over the complex numbers. The groups fall into four infinite families of
classical groups (of types An, Bn, Cn, Dn) along with five exceptional types (G2, F4, E6,
E7, E8). The Lie algebra L(G) of such a simple algebraic group G is also a close relative
of the simple Lie algebra over the complex numbers of corresponding type, being obtained
by reduction modulo p using a Chevalley basis. However, in characteristic p > 0, the rela-
tionship between Lie algebras and algebraic groups is not as strong and well defined as in
characteristic 0. There were several attempts to establish a correlation between Cartan type
Lie algebras and algebraic groups by M. Kuznetsov [15] and A. Premet [22]; nevertheless,
it can never rise to the level obtained in characteristic 0. This can be seen by noting that
the simple Witt algebra W1 can be embedded into the classical simple Lie algebra C(p−1)/2
over the field of characteristic p > 0, which makes no sense for characteristic 0. This em-
bedding was one of the key ideas used in the construction of exceptional simple Melikyan
algebras [18].
It was realized at the beginning of the era of classification theory of modular Lie
algebras that certain maximal subalgebras in simple modular Lie algebras are of great
importance. For example, the main tool used to identify a simple Lie algebra over fields of
characteristic p > 3 is the so-called “Recognition Theorem” (see [7,8,26,30]) which states
that if a simple Lie algebra L has a suitable maximal subalgebra L0, then it is a classical,
a Cartan type or a Melikyan algebra [18].
Over fields of positive characteristics, the earliest systematic investigation of maximal
subalgebras can be found in the author’s two papers [19] and [20]. Let L be a simple
Lie p-algebra of Cartan type Wn, Sn, Hn, or Kn over an algebraically closed field F of
characteristic p > 3, with the standard grading:
L = L−2 +L−1 +L0 +L1 + · · · +Lr (1)
(L−2 = (0) for L = Wn,Sn,Hn).
It is well known that for the subspaces Li the following is true:
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(2) if i  0, x ∈Li and [x,L−1] = 0, then x = 0,
(3) if i  0, x ∈Li and [x,L1] = 0, then x = 0,
(4) L0 is isomorphic to either An, An ⊕F , Cn or Cn ⊕ F .
In this paper we investigate maximal subalgebras in L which are graded with respect
to the standard grading (1). The classification of the graded maximal subalgebras M in
Cartan-type p-algebras is achieved by dividing the problem into three subproblems as
follows:
(∗) maximal subalgebras with the property that M contains L−1 +L0,
(∗∗) maximal subalgebras with the property that M−1 = L−1,
(∗∗∗) maximal subalgebras with the property that M−1 = L−1 but M0 = L0.
Since
∑r
i=0 Li is maximal in L, it is apparent that any graded maximal subalgebra of L
belongs to one of the classes described above. The classification of the maximal graded
subalgebras satisfying condition (∗) basically was obtained in [12]. The key idea in the
classification of the graded subalgebras with property (∗∗) is the following: for any proper
subspace V in L−1 we defineM−2(V ) = [V,V ],M−1(V ) = V , and, for all i  0, sub-
spaces Mi (V ) = 〈u ∈ Li | [u,V ] ∈Mi−1(V )〉. It is proved in this paper that if L is a
Cartan-type p-algebra, then
M(V ) =M−2(V ) +M−1(V )+M0(V )+ · · ·
is a maximal subalgebra in L. Moreover, if L is of type Wn, Sn, or Hn, then any max-
imal graded subalgebra in L with property (∗∗) has the form M(V ) for some subspace
V ⊂ L−1. When L is of contact type, similar results are obtained by extending the con-
struction of M(V ). These allow us to prove that for each particular series of simple Lie
algebras there are only finitely many conjugacy classes with respect to the group of au-
tomorphisms of the respective Lie algebra. In particular, for each series we explicitly
construct a representative of the corresponding maximal subalgebras and calculate their
dimensions. I would like to emphasize that M0(V ) is a maximal subalgebra in L0 and
thus in the spirit of Dynkin’s classification, they are exactly the nonsemisimple maximal
subalgebras in the classical Lie algebras An and Cn.
Finally, if M is a maximal graded subalgebra in L with property (∗∗∗), then
M = L−2 +L−1 +M0 +M1 + · · ·
and M0 is a maximal subalgebra in L0. The maximal subalgebra M is called an R-
subalgebra (S-subalgebra) if the M0-module L1 is reducible (irreducible). We were able to
obtain a complete description of the maximal R-subalgebras as in case (∗∗): for each series
we explicitly construct representatives of maximal subalgebras from the conjugacy classes
and calculate their dimensions. In order to obtain a complete and explicit description of
all the maximal graded subalgebras of Cartan-type Lie p-algebras, it remains to describe
the maximal S-subalgebras, which, as we prove, can be reduced to the classification of
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complete. However, an invariant description of such maximal subalgebras is given in terms
of necessary and sufficient conditions. As a consequence of this study, the present author
was able to conclude that the classification of the maximal subalgebras in classical simple
Lie algebras is not going to be a simple reduction of Dynkin’s results. As a simple illus-
tration, consider the previously mentioned fact that the embedding of W1 into the simple
classical Lie algebra C(p−1)/2 [10] is in fact maximal. I also would like to mention K. Ten’s
papers [28,29], where the author investigates the maximal subalgebras in simple classical
Lie algebras of A–D types. The main result of [28], which extends the present author’s
results about nonsemisimple maximal subalgebras, states that a maximal nonsemisimple
subalgebra in a simple classical Lie algebra of type An (where p does not divide n+1), Bn,
Cn, or Dn is regular. In [29] several well-known results for characteristic 0 were extended
to modular case. In addition to this, K. Ten also obtained the classification of all maxi-
mal subalgebras of the exceptional simple Lie algebra G2 for p > 3. Certain special cases
of solvable maximal subalgebras were considered by M.I. Kuznetsov [14] and B. Weis-
feiler [31]. In particular, the simple Lie algebras with a maximal solvable subalgebra were
classified.
There is a series of papers by G. Seitz and his students devoted to the study of the
maximal subgroups of simple algebraic groups over fields of characteristic p > 0. These
investigations were summarized by G. Seitz in his two publications [24,25]. Taken to-
gether these papers generalize E. Dynkin’s classification of the maximal subgroups of
simple Lie groups over the field of complex numbers [4] to simple algebraic groups
over fields of characteristic p > 7 (this restriction will work for all cases). As I al-
ready mentioned, Dynkin was able to work mainly with the Lie algebras of the groups,
whereas Seitz is forced to rely more heavily on group-theoretic techniques. Nonethe-
less, the classification he achieves here is quite similar in spirit to Dynkin’s, though
it becomes appreciably more complicated to work out. Dynkin’s key discovery was
that the images of the various simple Lie groups under irreducible representations are
(with few exceptions) maximal subgroups of SL(n), Sp(n), or SO(n). Therefore, the
study of irreducible representations becomes an essential ingredient in the classifica-
tion. These ideas, in extended form, were carried over to the characteristic-p case, and
were effective even without the nice representation theory that is available in charac-
teristic zero (since at that time, the representation theory of simple algebraic groups
was still poorly understood). For the most part, however, the classification of the max-
imal subalgebras of classical modular Lie algebras over algebraically closed fields of
positive characteristic is incomplete. Interest in the maximal subalgebras of simple Lie
algebras is natural for several reasons, one being their connection to classification prob-
lems. One of such problem arose for p = 5 (the maximality of the algebra L(1,1)
from [19] in the contact p-algebra K3). Let us note that describing the maximal sub-
algebras which do not satisfy the homogeneity condition appears so far to be a hard
problem.
Maximal subalgebras satisfying conditions (∗) and (∗∗) are completely described in
Theorems 2.1 and 3.2 and Proposition 3.21. For graded subalgebras satisfying condition
(∗∗∗), we introduce the notions of an R-subalgebra and an S-subalgebra. Theorems 4.5
(W,S,H ) and 4.7 contain a full description of the maximal R-subalgebras in simple Lie
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series W , S, H , and K , we state in Propositions 4.9, 4.10 and 4.12 necessary and sufficient
conditions for the existence of maximal S-subalgebras. We also give instructive examples
of maximal S-subalgebras.
1. Auxiliary results. Notation
1.1. The main sources of information on divided-powers algebras, special derivations, and
automorphisms of Lie algebras of Cartan type are [13,26,27]. In this paper the notion of
Cartan type Lie algebras is adapted from [13]. For general Lie algebra references, I recom-
mend [5,6].
Let F be an algebraically closed field of characteristic p > 3 and V be a vector space
over F of dimension n, having a basis {xi}, i ∈ I = {1,2, . . . , n}. Denote by F [XI ] =
F [x1, x2, . . . , xn] the algebra of divided-powers on the variables {xi}, i ∈ I , of height 1
over the field F (see [13]). The algebra F [XI ] is presented by the generators
x
(α1)
1 x
(α2)
2 . . . x
(αn)
n , 0 αi  p − 1,
and defining relations
(x + y)(m) =
m∑
i=0
x(i)y(m−i), x, y ∈ V,
(αx)(k) = αkx(k), α ∈ F, x ∈ V,
x(m)x(k) =
(
m
m+ k
)
x(m+k),
x(0) = 1.
The equality degx(m) = m, x ∈ V , defines in F [XI ] the gradation
F [XI ] =
⊕
i0
F [XI ]i . (2)
1.2. A derivation D of the algebra F [XI ] is called special if
Dx(s) = x(s−1)Dx, x ∈ V.
Clearly, then Du(s) = u(s−1)Du for every u ∈ F [XI ].
The general algebra Wn is defined to be the Lie algebra of all special derivations of the
algebra F [XI ]. An arbitrary element D ∈Wn can be written as
D =
n∑
fi
∂
∂xi
, fi ∈ F [XI ], (3)i=1
H. Melikyan / Journal of Algebra 284 (2005) 824–856 829where the ∂
∂xi
, i ∈ I , are defined by the correspondence x(s)j → δij x(s−1)j . If D1 =∑n
i=1 fi ∂∂xi , D2 =
∑n
i=1 gi ∂∂xi , then
[D1,D2] =
n∑
i=1
ui
∂
∂xi
(4)
with
ui = D1gi −D2fi =
n∑
j=1
{(
fj
∂gi
∂xj
)
− gj
(
∂fi
∂xj
)}
.
The algebra Wn is a simple Lie p-algebra of dimension npn over the field F . If we let
Li :=
{
D =
n∑
j=1
fj
∂
∂xi
∣∣∣∣∣ fj ∈ F [XI ]i+1
}
,
then we obtain the standard gradation of the algebra
Wn = L−1 +L0 +L1 + · · · +Lr, r = n(p − 1)− 1. (5)
In the gradation (5), L0 is a subalgebra and L−1 is an irreducible L0-module. The subal-
gebra L0 acts on L−1 as the full matrix algebra gl(n,F ).
1.3. The special p-algebra Sn (n > 1) is a subalgebra in Wn+1 and, as a vector space, is
spanned by the derivations
Dij (u) = ∂u
∂xj
∂
∂xi
− ∂u
∂xi
∂
∂xj
, i = j, u ∈ F [XI ]. (6)
The algebra Sn coincides with the second commutant of the subalgebra of Wn+1 which
annihilates the form
ωS = dx1 ∧ dx2 ∧ · · · ∧ dxn+1.
The standard gradation of the algebra Wn+1 induces a gradation in Sn:
Sn = L−1 +L0 +L1 + · · · +Lr, r = (n+ 1)(p − 1)− 2. (7)
For n > 1, the algebra Sn is a simple Lie p-algebra of dimension n(pn+1 − 1). In the
gradation (7), L−1 is an irreducible L0-module; the subalgebra L0 ∼= sl(n + 1,F ), for
n+ 1 ≡ 0 mod (p), is isomorphic to An.
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W2n annihilating the form
ωH =
n∑
i=1
dxi ∧ dxi+n.
The algebra Hn can be realized as the subalgebra of F ∗[XI ] which does not contain the
element x(p−1)1 x
(p−1)
2 . . . x
(p−1)
2n with the multiplication law
[u,v] = {u,v} =
n∑
i=1
(
∂u
∂xi
∂v
∂xi+n
− ∂u
∂xi+n
∂v
∂xi
)
. (8)
The algebra Hn has the gradation
Hn = L−1 +L0 + · · · +Lr, r = 2n(p − 1)− 3, (9)
where L0 ∼= Cn and L−1 is an irreducible L0-module.
1.5. The contact p-algebra Kn+1 for n+ 2 ≡ 0 mod (p) is defined to be the subalgebra of
W2n+1 (respectively for n + 2 ≡ 0 mod (p), the commutant of such a subalgebra) whose
elements transform the form
ωK = dx2n+1 +
n∑
i=1
xi˜dxi − xidxi˜, i˜ = i + n, i  n, i˜ = i − n, n < i  2n,
into the form fωK , where f ∈ F [XI ], I = 1,2n+ 1. It is known that if the operator
D =
2n+1∑
i=1
fi
∂
∂xi
satisfies the equation DωK = fωK , then the coefficients fi can be expressed in terms of
one function f ∈ F [X] so that
fi =

xi
∂f
∂x2n+1
+ ∂f
∂xi˜
, if 1 i  n,
xi
∂f
∂x2n+1
− ∂f
∂xi˜
, if n < i  2n,
∆(f ) = f2n+1,
where
∆(f ) = 2f −
2n∑
xi
∂f
∂xi
.i=1
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tiplication in Kn+1 is expressed by the formula
[Df ,Dg] = Dh, h= ∆(g) ∂f
∂x2n+1
−∆(f ) ∂g
∂x2n+1
+ {f,g}′, (10)
where { , }′ is the Poisson bracket on the variables x1, x2, . . . , x2n.
If n + 2 ≡ 0 mod (p), then Kn+1 is a p2n+1-dimensional simple Lie p-algebra,
and if n + 2 ≡ 0 mod (p), then Kn+1 is a (p2n+1 − 1)-dimensional simple Lie p-
algebra consisting of the operators Df ,f ∈ F [XI ], which do not contain the element
x
(p−1)
1 x
(p−1)
2 . . . x
(p−1)
2n+1 . The standard gradation of the algebra W2n+1 does not induce a
gradation of Kn+1; however, by
Li =
Dx(α1)1 x(α2)2 ...x(α2n+1)2n+1
∣∣∣∣∣
2n+1∑
j=1
αj = i + 2 − α2n+1

one can introduce a gradation in Kn+1 of the form
Kn+1 = L−2 +L−1 +L0 +L1 + · · · +Lr. (11)
In this gradation L0 ∼= Cn ⊕ F , L−1 is an irreducible L0-module, and dimL−2 = 1.
1.6. Automorphisms. Recall that every automorphism Φ of F [XI ] induces an automor-
phism of the Lie algebra of its derivations according to the formula
(ΦD)f = Φ(D(Φ−1f )), f ∈ F [XI ], D ∈ DerF [XI ].
The automorphism Φ ∈ Aut(Wn) is called admissible if it is induced by some automor-
phism of the algebra F [XI ].
Automorphisms of the Lie algebras of Cartan type were studied in the papers [23,30].
From the results of these papers follows
Proposition 1.1. A change of variables Φ :xi →Φ(xi) in the ring F [XI ] with an invertible
linear part extends to an automorphism of the algebra
(1) Wn,Sn—always;
(2) Hn if Φ multiplies the form ωH by a nonzero constant;
(3) Kn+1 if Φ multiplies the form ωK by a nonzero element of F [XI ].
If Φ is an admissible automorphism of the algebra Wn and
D =
n∑
fi
∂
∂xi
i=1
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Φ(D) =
n∑
k,i=1
f Φi
∂Φ(xk)
∂xi
∂
∂xk
, (12)
where f Φi = fi(Φ−1(x1),Φ−1(x2), . . . ,Φ−1(xn)). The following lemma is obvious:
Lemma 1.2. If H is a subspace of the Lie algebra L, and N(H) is the normalizer of the
subspace H in L, then for every automorphism Φ ∈ Aut(L),
Φ
(
N(H)
)= N(Φ(H)).
Lemma 1.3. Let V ′ be an arbitrary proper subspace in the component L−1 of the standard
gradation of the algebra L (L = Wn,Sn) of dimension k. Then there exists an automor-
phism Φ of the algebra L such that {Φ( ∂
∂xi
) | i = 1, . . . , k} is a basis of the space V ′.
Proof. Let vi =∑nj=1 αij ∂∂xj , i = 1, . . . , k, be a basis of the space V ′. Extend {vi}, i =
1, . . . , k, to a basis {vi}, i = 1, . . . , n, of the space L−1. Then A = (αij ) is the transition
matrix from the basis
{
∂
∂xi
}
to the basis {vi}. One observes easily, taking into account (12)
and Proposition 1.1, that a change of variables in F [XI ] given by the matrix At extends to
an automorphism Φ of the algebra L, with Φ
(
∂
∂xi
)= vi . 
An automorphism of the algebra L is called homogeneous if it preserves the standard
gradation of the algebra. Clearly, an automorphism of a Lie algebra of Cartan type induced
by a linear change of variables in the ring of divided-powers will be homogeneous.
In the realization of the algebra Hn (see Section 1.4), the component L−1 is generated
as a vector space by {xi | i = 1, . . . ,2n}. It is not hard to see that if
g˜(u, v) =
n∑
i=1
(
∂u
∂xi
∂v
∂xi˜
− ∂u
∂xi˜
∂v
∂xi
)
, u, v ∈L−1, (13)
then the space L−1 becomes a symplectic vector space with a nondegenerate skew-
symmetric bilinear form g˜.
Lemma 1.4. Let V ′ be a subspace of L−1 of the standard gradation of the algebra Hn.
Then there is a homogeneous automorphism Φ ∈ Aut(Hn) and integers k, s (k  s  n)
such that the vector space V ′ is generated by the elements {Φ(xi) | i ∈ 1, s∪n+ 1, n+ k}.
Proof. Let {e1, . . . , ek; en+1, . . . , en+k; ek+1, . . . , es} be a symplectic basis of the space V ′,
and let {ei | i = 1, . . . ,2n} be an extension of the basis of V ′ to the symplectic basis of the
space L−1 which is characterized by the property
g˜(ei, e˜i) = −g˜(e˜i , ei) = 1, i = 1, . . . , n,
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by putting
Φ
(
x
α1
1 x
α2
2 . . . x
α2n
2n
)= eα11 eα22 . . . eα2n2n
for monomials in Hn and extending linearly to the whole space Hn. The map Φ induces
on L−1 a linear mapping given by a symplectic matrix. Taking into account the definition
of the scalar product g˜ and multiplication (8) in Hn, we see that if f = f (x1, . . . , x2n) and
g = g(x1, . . . , x2n) are arbitrary monomials in Hn, and Φf = f (e1, . . . , e2n) and Φg =
g(e1, . . . , e2n) are the images of f and g under the map Φ , then
{Φf,Φg} =
n∑
i=1
(
∂Φf
∂xi
∂Φg
∂xi+n
− ∂Φf
∂xi+n
∂Φg
∂xi
)
=
∑
i,j
g˜(ei, ej )
∂Φf
∂ei
∂Φg
∂ej
=
n∑
i=1
(
∂Φf
∂ei
∂Φg
∂ei+n
− ∂Φf
∂ei+n
∂Φg
∂ei
)
;
i.e., Φ[f,g] = [Φf,Φg] for arbitrary monomials f,g ∈ Hn. Consequently, Φ is a ho-
mogeneous automorphism of the algebra Hn. From the definition of Φ , it follows that
{Φ(xi) | i ∈ 1, s ∪ n+ 1, n+ k} spans V ′. 
From now on we will identify the vector space of the algebra Kn+1 with the vector space
of the algebra F [XI ], I = 1,2n+ 1. The multiplication law [f,g] = h, where f,g,h ∈
F [XI ], is defined by the formula (10). In particular, for u,v ∈ L−1 we have [u,v] = g(u, v)
where g is a nondegenerate skew-symmetric form on L−1.
Lemma 1.5. Let V ′ be a vector subspace of L−1 in the standard gradation of Kn+1. Then
there are a homogeneous automorphism Φ and integers k, s (k  s  n) so that the ele-
ments {Φ(xi) | i ∈ 1, s ∪ n+ 1, n+ k} span V ′.
Proof. Suppose {ei | i ∈ 1, s ∪ n+ 1, n+ k} is a symplectic basis of the space V ′, and
{ei | i = 1,2n} is an extension of the basis of V ′ to the symplectic basis of the space
L−1 with respect to the nondegenerate skew-symmetric form g. We define the map
Φ :Kn+1 → Kn+1 by putting
Φ
(
x
α1
1 x
α2
2 . . . x
α2n
2n
)= eα11 eα22 . . . eα2n2n
for monomials in Kn+1 and extending linearly to the whole space Kn+1.
From the definition of Φ and Lemma 1.4, we have that
∂Φf
∂x2n+1
= Φ
(
∂f
∂x2n+1
)
, {Φf,Φg}′ = Φ{f,g}′,
where { , }′ is the Poisson bracket on the variables {xi | i ∈ 1,2n}, and f,g are monomials
in Kn+1. For an arbitrary monomial f ∈Kn+1, the following holds:
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(
Φ(f )
)= 2Φ(f )− 2n∑
i=1
xi
∂Φf
∂xi
= 2Φ(f )−
2n∑
i,j=1
xi
∂ej
∂xi
∂Φf
∂ej
= Φ(2f )−
2n∑
j=1
( 2n∑
j=1
xi
∂ej
∂xi
)
∂Φf
∂ej
= Φ
(
2f −
2n∑
j=1
xj
∂f
∂xj
)
= Φ(∆(f )).
Consequently, for monomials f,g ∈Kn+1 we have
[Φf,Φg] = ∆(Φg) ∂Φf
∂x2n+1
+ {Φf,Φg}′
= Φ(∆(g))Φ( ∂f
∂x2n+1
)
−Φ(∆(f ))Φ( ∂g
∂x2n+1
)
+Φ{f,g}′
= Φ
(
∆(g)
∂f
∂x2n+1
−∆(f ) ∂g
∂x2n+1
+ {f,g}′
)
= Φ[f,g];
i.e., Φ is an automorphism of the algebra Kn+1. 
1.7. Notation. 〈X〉 is the vector space generated by the set X. 〈〈X〉〉 is the subalgebra gen-
erated by the elements of X.
divD =
n∑
i=1
∂fi
∂xi
, where D =
n∑
i=1
fi
∂
∂xi
∈ Wn.
F ∗[XI ] is the subring of F [XI ] without 1.
2. Maximal subalgebras with property (∗)
2.1. Let L be a simple Lie p-algebra of Cartan type over an algebraically closed field F of
characteristic p > 3 with the standard gradation (1).
Theorem 2.1. Let M be a maximal subalgebra of L with the property (∗). Then the fol-
lowing are the possibilities for M:
(1) L= Wn;
(a) M = L−1 +L0 +L′′1 ∼= An, n+ 1 ≡ 0 mod (p), where
L′′1 =
{
D ∈ L1
∣∣∣∣∣D = f
n∑
i=1
xi
∂
∂xi
, f ∈ F [XI ]1
}
;
(b) M = L−1 +L0 +L′1 + · · · +L′r−1 ⊃ S˜n−1 , where
L′i = {D ∈Li | divD = 0} and M/S˜n−1 ∼= L0/[L0,L0].
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(a) M = L−1 +L0, if n+ 2 ≡ 0 mod (p);
(b) M = L−1 +L0 +L′′1 ∼= An+1, if n+ 2 ≡ 0 mod (p).
(3) L= Hn;
(a) M = L−1 +L0.
(4) L= Kn+1;
(a) M = L−2 +L−1 +L0 +L1,0 + · · · +Lr ′,0, r ′ = 2n(p − 1),
Li,0 =
{
u ∈Li | u ∈ Ann(L−2)
}
, i > 0.
(b) M = L−2 +L−1 +L0 +L1,1 +L2,2 ∼= Cn+1, where
L1,1 = {f x2n+1 | f ∈L−1} and L2,2 = Fx(2)2n+1.
Proof. From the results of [13, §1.10] statements (1)–(3) follow immediately. For the proof
of (4), let us consider the structure of the L0-modules Li in the algebra Kn+1. It is not hard
to see that each subspace Li is a direct sum of L0-submodules Lij , where
Lij =
{
u ∈Li
∣∣∣∣ u = f x(j)2n+1, ∂f∂x2n+1 = 0
}
.
The submodule Lij is an irreducible L0-module if i < p + 2j − 3.
Let 0 = D = D0 +D1 ∈ L1, Di ∈L1,i , i = 0,1. Consider the subalgebra M = 〈〈L−2 +
L−1 +L0,D〉〉 ⊆ Kn+1.
If D0 = 0, then the irreducibility of the L0-submodule L1,1 and the fact that
[L1,1,L1,1] = L2,2 imply that
M = L−2 +L−1 +L0 +L1,1 +L2,2,
so that the subalgebra M is isomorphic to Cn+1 (see [12]). If D1 = 0, then 〈〈L−2 +L−1 +
L0,D〉〉 coincides with the subalgebra
M = L−2 +L−1 +L0 +L1,0 + · · · +Lr ′,0, r ′ = 2n(p − 1)− 2;
here L−2 is an ideal of M , and [M/L−2,M/L−2] ∼= Hn.
To finish the proof of Theorem 2.1 it suffices to show that Cn+1, and M are maximal
subalgebras of Kn+1. Let us assume that u ∈ Kn+1 and u /∈ M . Then there exist elements
v1, v2, . . . , vt ∈ L−2 +L−1 such that[
vt ,
[
. . . , [v1, u] . . .
]]= u0 + u1, ui ∈ L1,i , i = 0,1, u1 = 0.
Because of the irreducibility of L1,1, L−2 + L−1 + L0 + L1 ⊆ 〈〈M,u〉〉. Since Kn+1 is
generated by the components Li , i = −1,−0,1, we obtain the equality 〈〈M,u〉〉 = Kn+1.
This proves the maximality of M in Kn+1. In an analogous way one obtains the maximality
of Cn+1 in Kn+1. 
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3.1. Let L be a simple graded Lie p-algebra of Cartan type with the standard gradation.
In this section we completely describe the graded maximal subalgebras M of L satisfying
property (∗∗):
M ∩L−1 = L−1. (14)
Suppose V is a proper subspace of L−1. Let us introduce the following notation:
M−1(V ) = V, Mi (V ) =
{
u ∈Li | [u,V ] ⊆Mi−1(V )
}
, i  0. (15)
The next lemma is obvious.
Lemma 3.1. If V ′ is an arbitrary subspace of the component L−1 of the algebra L, then
the following statements are true:
(1) M0(V ′) is a subalgebra of L0.
(2) For every i > 0,Mi (V ′) is aM0(V ′)-module.
(3) For every i, j [Mi (V ′),Mj (V ′)] ⊆Mi+j (V ′).
It follows from Lemma 3.1 that
M(V ′) =
⊕
i−2
Mi (V ′) (16)
(whereM−2(V ′) = [M−1(V ′),M−1(V ′)]) is a subalgebra of L.
Let us formulate the main theorem of this section.
Theorem 3.2. Let L be a simple Lie p-algebra of Cartan type. Then for any V ′ ⊆ L−1
the subalgebraM(V ′) is maximal in L. Every maximal graded subalgebra with the prop-
erty (14) in L (L= Wn,Sn,Hn) is of the formM(V ′) for some V ′ ⊆ L−1.
We will see that maximal subalgebras in Kn+1 with the property (14) are not exhausted
by the subalgebras of form M(V ). The proof of Theorem 3.2 is divided into four parts.
We find separately for each series the dimensions of the graded maximal subalgebras with
property (14), as well as the number of conjugacy classes of graded maximal subalgebras.
3.2. L= Wn. Let Wn be the general Lie p-algebras with the standard gradation (5), and let
V be a subspace of L−1, and suppose that V is spanned by the elements
{
∂
∂xi
| i = 1, k},
k < n.
Lemma 3.3. The subalgebra A0 generated by the elements{
xi
∂
∂xj
∣∣∣∣ i ∈ 1, n, j ∈ 1, k}∪ {xi ∂∂xj
∣∣∣∣ i, j ∈ k + 1, n}
is a maximal subalgebra of L0 and coincides withM0(V ).
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A0 is contained in M0(V ). Let D =∑ni=1 fi ∂∂xi ∈ L0 lie outside A0. Then fj = 0 and
∂fj
∂xs
= 0 for some s  k, j > k. Consider the subalgebra 〈〈A0,D〉〉 of L0. From the definition
of A0 it follows that D can be chosen so that fi , i = 1, . . . , n, do not contain the variables
xk+1, xk+2, . . . , xn. Then [
xj
∂
∂xi
,D
]
− fj ∂
∂xj
∈ 〈〈A0,D〉〉.
Therefore 〈〈A0,D〉〉 contains xs ∂∂xj and every element of the form xi ∂∂xt ; i.e., 〈〈A0,D〉〉 = L0.
SinceM0(V ) contains A0 and A0 is maximal in L0, we have A0 =M0(V ). 
Proposition 3.4.
(1) The subalgebraM(V ) is maximal in L.
(2) M(V ) = F [XI2] ·DerF [XI1]+F [XI1] ·Der(0) F [XI2], where I1 = 1, k, I2 = k + 1, n
and
Der(0) F [XI2] =
{∑
j∈I2
gj
∂
∂xj
∣∣∣∣ gj ∈ F [XI2], deg(gj ) 1}.
Proof. Clearly,
A = F [XI2 ] · DerF [XI1] +F [XI1 ] · Der(0) F [XI2 ]
is a subalgebra of Wn. The standard gradation of the algebra Wn induces a gradation in A:
A= A−1 +A0 +A1 + · · ·
with A−1 = V , A0 =M0(V ). From the definition of M(V ) we have At ⊆Mt (V ) for
every t > 0; hence, A ⊆M(V ). We now prove that A is maximal in Wn; i.e., that
A =M(V ). Choose 0 = D ∈ Wn, D /∈ A. Consider the algebra 〈〈A,D〉〉. There exist el-
ements v1, v2, . . . , vt ∈ V , such that[
vt , . . . , [v1,D] . . .
]= D′ ∈ L−1
but D′ /∈ V . Then the algebra 〈〈A,D〉〉 contains the element of the form ∂
∂xs
, s > k. From
x1xs
∂
∂xs
∈ A1 it follows that[
∂
∂xs
, x1xs
∂
∂xs
]
= x1 ∂
∂xs
∈ 〈〈A,D〉〉.
The element x1 ∂∂xs does not belong to A0 =M0(V ). By maximality ofM0(V ) in L0, we
get L0 ⊆ 〈〈A,D〉〉.
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L−1 +L0 +L1 ⊆ 〈〈A,D〉〉.
The corollary to [12, Proposition 3.3.1] yields 〈〈A,D〉〉 = Wn. Hence the maximality of
M(V ) in Wn is proved. 
Corollary 3.5. dimM(V ) = npn − (n− k)pn−k , 0 k  n− 1.
Lemma 3.6. If V˜ is an arbitrary k-dimensional subspace of L−1, then there exists a ho-
mogeneous automorphism Φ , such that Φ(M(V )) =M(V˜ ).
Proof. According to Lemma 1.3, there exists a homogeneous automorphism Φ such that
Φ(V ) = V˜ . By Lemma 1.2, we have
Φ
(Mi (V ))=Mi (V˜ )
for every i; consequently,
Φ
(M(V ))=M(V˜ ). 
Corollary 3.6. There exist only n conjugacy classes of graded maximal Lie subalgebras of
Wn satisfying property (14).
Corollary 3.7. Every graded maximal subalgebra of Wn satisfying property (∗∗) is of the
formM(V ).
Proof. Let M be a maximal subalgebra of Wn with property (∗∗). Then the maximal sub-
algebra M is contained inM(M ∩L−1) and so M =M(M ∩L−1). 
3.3. L = Sn. The subspace L−1 corresponding to the standard gradation of the algebra Sn
is generated by the elements {
∂
∂xi
∣∣∣∣ i ∈ 1, n+ 1}.
Suppose V is a subspace of L−1 and suppose that V is generated by the elements
{
∂
∂xj
|
j ∈ 1, k}, k  n.
Lemma 3.8. The subalgebra A0 generated by the elements{
xi
∂
∂xj
∣∣∣∣ i = j, i ∈ 1, n+ 1, j ∈ 1, k} ∪ {xi ∂∂xj
∣∣∣∣ i = j, i, j ∈ k + 1, n+ 1}
∪
{
x1
∂
∂x1
− xt ∂
∂xt
∣∣∣∣ t ∈ 2, n+ 1}
is a maximal subalgebra of L0 and coincides withM0(V ).
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Proposition 3.9. The subalgebraM(V ) is maximal in Sn.
Proof. By definition,
M(V ) =
⊕
i−1
Mi (V ).
If D ∈L−1 and D /∈ V , then the subalgebra 〈〈M(V ),D〉〉 contains some element ∂∂xs , s > k
and therefore 〈〈M(V ),D〉〉 contains L−1. The element x1x(2)t ∂∂xs , t = s, t > k, belongs to
M2(V ). Therefore, the element x1 ∂∂xs ∈ L0 also belongs to 〈〈M(V ),D〉〉. By Lemma 3.8,
M0(V ) is maximal in L0, and x1 ∂∂xs does not belong to M0)(V ), so that L−1 + L0 ⊆〈〈M(V ),D〉〉. From the results of [12, §1.10], it follows that L1 or L2 of the standard gra-
dation of Sn is irreducible. SinceM2(V ) = (0), we have L−1 +L0 +L1 ⊆ 〈〈M(V ),D〉〉;
i.e., 〈〈M(V ),D〉〉 = Sn. Proposition 3.9 is proved. 
Lemma 3.10. If V˜ is a subspace of dimension k of L−1 of the standard gradation of
the algebra Sn, then there exists a homogeneous automorphism Φ ∈ Aut(Sn) such that
Φ(M(V )) =M(V˜ ).
For a proof see Lemma 3.6.
Corollary 3.11. There are n + 1 classes of maximal graded subalgebras of Sn satisfying
property (∗∗).
Corollary 3.12. Every maximal graded subalgebra of Sn with property (∗∗) is of the form
M(V ).
3.4. L = Hn. Consider a realization of the algebra Hn in the ring of divided powers with
the standard gradation (9). The component L−1 is generated by {xi | i ∈ 1,2n}. Let
1,2n= I1 ∪ I2 ∪ I3 ∪ I 1 ∪ I 2, (17)
where I1 = 1, k, I2 = k + 1, s, I 1 = n+ 1, n+ k, I 2 = n+ k + 1, n+ s, and I3 =
s + 1, n ∪ n+ s + 1,2n, 0  k  s  n. Let V be the subspace of L−1 generated by the
elements {xi | i ∈ I1 ∪ I 1 ∪ I2}. Let us assign to each xi , i ∈ 1,2n a weight in the following
way:
ν(xi) =

1, if i ∈ I1 ∪ I 1;
0, if i ∈ I2;
1
3
, if i ∈ I 2;
(18)2, if i ∈ I3.
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Let us denote by A0 the subspace of L0 generated by the monomials u ∈ L0 for which
ν(u) = 0 or ν(u) = 1 or ν(u) > 2. Henceforth, for t > 0 let At be the subspace of Lt
generated by the monomials of weight 0,1, or ( 13 )
α2β , β > 1.
Lemma 3.13.
(a) For i  0, the equality Ai =Mi (V ) holds.
(b) The subalgebra A0 =M0(V ) is maximal in L0 if and only if k = s, k = 0 or s = n.
Proof. (a) Let us notice that if u ∈ A0 (i.e., u has weight 0,1 or > 2), then [u,V ] ⊆
V . Consequently, A0 ⊆M0(V ). Since for every monomial u ∈ L0 of weight ν(u) ∈{ 1
3 ,
1
9 ,2,
2
3
}
one has [u,V ] ⊆ V , we obtain that the elements of M0(V ) are linear com-
binations of the monomials which have weights 0,1 or > 2. Hence M0(V ) ⊆ A0 and
A0 =M0(V ). Analogous considerations prove the equality At =Mt (V ) for t > 0.
(b) (1) Let k = 0; i.e., I1 = ∅. In this case, the subspace V is isotropic in L−1 and is
generated by {xi | i ∈ 1, s}, s  n, and we have
ν(xi) =

0, if i ∈ 1, s = I2;
1
3
, if i ∈ n+ 1, n+ s = I 2;
2, if i ∈ s + 1, n∪ n+ s + 1,2n= I3.
(19)
The subalgebraM0(V ) is spanned as a vector space over F by the monomials u of weight
ν(u) ∈ {0,4}. Consequently,
M0(V ) =
{
xixj
∣∣ (i, j) ∈ I2 × (1,2n)∪ I3 × I3}.
Suppose h ∈ L0, h /∈M0(V ). Consider 〈〈M0(V ),h〉〉. Notice that the element h in analo-
gous situations can be taken to be a monomial ifM0(V ) contains the maximal torus of the
algebra L0:
T = 〈xixi˜ | i ∈ 1, n〉. (20)
From the definitionM0(V ) = A0 we have that u /∈M0(V ) if ν(u) ∈
{ 1
9 ,
1
3
}
. Let u = xmxt ,
m, t ∈ I 2. Then the subalgebra 〈〈M0(V ),h〉〉 contains [[xqxm˜, xmxt ], xt˜xl] = αxqxl , where
q is an arbitrary element of I 2, and l is an arbitrary element of I 2 ∪I3. If u = xmxt , m ∈ I 2,
t ∈ I3, then xmxt˜ ∈ 〈〈M0(V ),h〉〉. Consequently, x(2)m ∈ 〈〈M0(V ),h〉〉. By the previous case
〈〈M0(V ),h〉〉 = L0 andM0(V ) is maximal in L0.
(2) k = s; i.e., I2 = ∅; V = 〈xi | i ∈ I1 ∪ I 1〉 with I1 = 1, k and 1,2n= I1 ∪ I 1 ∪ I3;
ν(xi) =
{
1, if i ∈ I1 ∪ I 2; (21)
2, if i ∈ I3.
H. Melikyan / Journal of Algebra 284 (2005) 824–856 841The subalgebra M0(V ) is spanned as a vector space by the elements (monomials) of
weight 1 or 4. It is not hard to see that if h is a monomial of weight 2, then the subalge-
bra 〈〈M0(V ),h〉〉 contains all the monomials of weight 2 and therefore 〈〈M0(V ),h〉〉 = L0.
Since T ⊆M0(V ),M0(V ) is maximal in L0.
(3) s = n, I3 = ∅. In this case, from the definitions of ν(xi) andM0(V ) one can con-
clude thatM0(V ) is a maximal subalgebra of L0.
(4) Let I1 = ∅, I2 = ∅, and I3 = ∅. Consider the subalgebra of L0 generated by the
elements ofM0(V ) and monomials of L0 having weight 2. Taking into account the multi-
plication in Hn, we obtain that A0 = 〈〈M0(V ),u | ν(u) = 2〉〉 does not contain monomials
of weight 13 and
2
3 ; i.e., A0 is a proper subalgebra of L0, strictly containingM0(V ). There-
fore,M0(V ) is not a maximal subalgebra of L0. The lemma is proved. 
Proposition 3.14. The subalgebraM(V ) is maximal in Hn.
Proof. By Lemma 3.13, we have that in the case of I1 = ∅, I2 = ∅ or I3 = ∅ the subalge-
braM0(V ) is maximal in L0. Therefore, for every h /∈M(V ), the subalgebra 〈〈M(V ),h〉〉
contains L−1 + L0 + L1, that is, 〈〈M(V ),h〉〉 = Hn. Assume that I1 = ∅, I2 = ∅, and
I3 = ∅. The torus T (20) is contained in M0(V ). Choose an arbitrary element u ∈ L−1,
u = V , and consider the subalgebra 〈〈M(V ),u〉〉. If u = xi , i ∈ I 2, then xi˜xj ∈M0(V ),
j ∈ 1,2n; therefore, L1 ⊆ 〈〈M(V ),u〉〉. Note that if ν is an arbitrary monomial form
L0, then ν(wxi˜) = 0; i.e., wxi˜ ∈M1(V ). Hence L0 ⊆ 〈〈M(V ),u〉〉 = Hn. If u = xi ,
i ∈ I 3, then xj ∈ 〈〈M(V ),u〉〉 for every j ∈ I3. The element x(2)i xt , t ∈ I 2, is contained
inM1(V ). From this it follows that xt ∈ 〈〈M(V ),u〉〉 and, by the case considered above,
〈〈M(V ),u〉〉 = Hn. The maximality ofM(V ) in Hn is proved. 
Lemma 3.15. If V˜ ⊂ L−1 is a subspace of dimension s + k with a maximal isotropic
subspace (with respect to g˜ (see (13)) of dimension s, then there exists an automorphism
Φ ∈ Aut(Hn) such that Φ(M(V )) =M(V˜ ).
The proof follows from Lemmas 1.2 and 1.4.
Corollary 3.16. There exist n2+3n2 conjugacy classes of graded maximal subalgebras of
Hn satisfying condition (∗∗).
Corollary 3.17. dimM(V ) = p2n +p2k − (2(n− s)+ 1)ps+k − 2, where 0 k  s  n.
Proof. The monomial u ∈ Hn does not belong toM(V ) if ν(u) = 2( 13 )α or ν(u) = ( 13 )α ,
α > 0. In the remaining cases u ∈M(V ). Therefore,
codimM(V ) = dim〈F [XI1∪I 1] · k∗[XI2]〉+ dim〈F [XI1∪I 1∪I 2] ·XI3 〉
= p2k(ps−k − 1)+ 2(n− s)ps+k = ps+k(2(n− s) + 1)− p2k.
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dimM(V ) = p2n + p2k − (2(n− s) + 1)ps+k − 2. 
3.5. L = Kn+1. As remarked above, the space Kn+1 will be identified with the space of the
algebra of divided powers F [x1, x2, . . . , x2n, x2n+1]. For convenience, let x2n+1 = z. The
component L−1 in the standard gradation of Kn+1 is generated by {xi | i ∈ 1,2n}. We may
assume that the algebra Hn is naturally embedded in Kn+1. In what follows, the symbol
LX will be used to denote the object X is considered as a sub-object of the algebra L.
Let 1,2n = I1 ∪ I2 ∪ I3 ∪ I 1 ∪ I 2 be a decomposition of 1,2n (see (17)), and let V be
the subspace of L−1 generated by the elements {xi | i ∈ I1 ∪ I 1 ∪ I2}. Assume that V is
nonisotropic; i.e., k > 0.
Lemma 3.18.
(1) The subalgebra KM0(V ) = HM0(V ) ⊕ Fz.
(2) KMi (V ) = HM˜i (V )⊕HM˜i−2(V )z⊕· · ·⊕HM˜i−2q(V )z(q), q = [ i+22 ], where HM˜j (V ) =
HMj (V ) if j < 2n(p − 1)− 2, and HM˜2n(p−1)−2(V ) = F(x1x2 . . . x2n)(p−1).
Proof. Part (1) is obvious.
(2) For a monomial u in the variables {xi | i ∈ 1,2n}, denote by ν(xi) its weight
(see (18)). It is not hard to see that a monomial u not containing the variable z belongs
to KM(V ) if and only if ν(u) = 1,0 or ( 13 )α2β , β > 1. Since the subspace V is non-
isotropic, we have KM−2(V ) = 0. Therefore, if f z(t) ∈ KM(V ), ∂f∂z = 0, then f ∈ KM(V ).
To finish the proof of the lemma, it is enough to show that if f is a monomial in the
variables {xi | i ∈ 1,2n} and f ∈ KM(V ), then for every t , 0  t  p − 1, we will have
f z(t) ∈ KM(V ). This is obvious. 
Proposition 3.19. The subalgebra KM(V ) is maximal in Kn+1.
Proof. Let us first of all mention the fact that the equality (1) of Lemma 3.18 is true for
k = 0. Furthermore, notice that if D /∈ KM(V ), then the subalgebra 〈〈KM(V ),D〉〉 con-
tains L−2 + L−1 + L0. From the inclusion V · z ⊆ KM(V ), we obtain that L−2 + L−1 +
L0 +L1 ⊆ 〈〈KM(V ),D〉〉. Consequently, 〈〈KM(V ),D〉〉 = Kn+1 and KM(V ) is maximal in
Kn+1. 
Remark. In the case in which V is an isotropic subspace of L−1 (i.e, k = 0) all the
monomials of the form f z(t), 0 < t  p − 1, f ∈ F [x1, x2, . . . , x2n] belong to KM(V ).
Therefore, the decomposition of the subspaces KMi (V ), i > 0 in Lemma 3.18 fails in the
case k = 0.
Let V be an isotropic subspace of L−1. SetM−2(L−2,V ) = L−2,M−1(L−2,V ) = V ,
and for i  0,
Mi (L−2,V ) =
{
u ∈ Li
∣∣ [u,V ] ⊆Mi−1(L−2,V ), [u,L−2] ⊆Mi−2(L−2,V )}.
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M0(L−2,V ) is maximal in L0. Define the algebraM(L−2,V ) by
M(L−2,V ) =
⊕
i−2
Mi (L−2,V ). (22)
Proposition 3.20. If V is an isotropic subspace of L−1, then the subalgebraM(L−2,V )
is maximal in Kn+1.
The proof is analogous to that of Proposition 3.19.
Corollary 3.21. There are n2+5n2 conjugacy classes of graded maximal subalgebras of
Kn+1 satisfying property (∗∗).
Proof. Let M =⊕i−2 Mi be a graded maximal subalgebra of Kn+1 satisfying the con-
dition (∗∗). Suppose that V = M−1 ⊆ L−1 is not isotropic. Then there is an automorphism
Φ ∈ Aut(Kn+1) such that Φ(V ) = V˜ . According to Lemma 1.2,
Φ(KM(V )) = KM(Φ(V )) = KM(V˜ ).
However, M ⊆ KM(V˜ ); hence, Φ(KM(V ))) = M .
If V˜ is isotropic and M−2 = (0), then Φ(KM(V )) = M .
In the case in which M−2 = (0), we have Φ(M(L−2,V )) = M . 
Corollary 3.22. Let V = 〈xi | i ∈ I1 ∪ I 1 ∪ I2〉 ⊆ L−1, where I1 = 1, k, and I2 = k + 1, s,
0 k  s  n.
(1) If V is nonisotropic (i.e., k > 0), then
dimKM(V ) = p2n+1 + p2k+1 −
(
2(n− s) + 1)ps+k+1.
(2) If V is isotropic (i.e., k = 0), then
dimKM(V ) = p2n+1 + p2k+1 −
(
2(n− s)+ 1)ps,
dimM(L−2,V ) = p2n+1 + p2k+1 −
(
2(n− s)+ 1)ps+1 + p.
Proof. (1) By Corollary 3.17 and Lemma 3.18, we have
dimKM(V ) =
(
dimHM(V )+ 2
)
p = p2n+1 + p2k+1 − (2(n− s) + 1)ps+k+1.
(2) Suppose V is isotropic. Then
dimKM(V ) = dimHM(V )+ 1 + dim
〈
F [x1, x2, . . . , x2n] · k∗[z]
〉
= p2n − (2(n− s)+ 1)ps + p2n(p − 1) = p2n+1 − (2(n− s)+ 1)ps.
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dimM(L−2,V ) =
(
dimHM(V ) + 2
) · p = p2n+1 − (2(n− s)+ 1)ps+1 + p.
Remark. The case n+ 2 ≡ 0 mod (p) for the algebra Kn+1 is similar to the case n+ 2 ≡
0 mod (p). 
4. Maximal subalgebras with property (∗∗∗)
4.1. Let us investigate the maximal graded subalgebras of L (L is a simple Lie algebra
of Cartan type with filtration (1)) containing the component L−1 (and L−2 in the case
L= Kn+1).
Proposition 4.1. Let M = L−2 +L−1 +M0 +M1 + · · · be a maximal graded subalgebra
of L, M0 = L0. Then the subalgebra M0 is maximal in L0.
Proof. Suppose that M0 is not maximal in L0, and let M0 be a proper subalgebra of L0
strictly containing M0. It is obvious that the subspaces
Mi =
{
u ∈ Li
∣∣ [u,L−1] ⊆ Mi−1}, i > 0,
are M0-modules, and that Mi ⊆ Mi . The subalgebra
L−2 +L−1 +M0 +M1 + · · ·
strictly contains M and does not coincide with L. The obtained contradiction proves the
proposition. 
We call a subalgebra A0 ⊆ L0 irreducible if L−1 is an irreducibleA0-module. Otherwise
A0 is called a reducible subalgebra.
A graded subalgebra of L of the form
L−2 +L−1 +A0 +A1 + · · ·
is called an R-subalgebra (S-subalgebra) if A0 is a reducible (irreducible) subalgebra in L0.
4.2. Our next objective is to give a complete description of the maximal R-subalgebras
in L.
Proposition 4.2. Let L be a simple Lie p-algebra of Cartan type. If A0 is a reducible
maximal subalgebra of L0, then there exists a subspace V ′ ⊂ L−1 such thatM0(V ′) = A0.
Proof. Let V ′ be a proper subspace of L−1 invariant under A0. According to the definition
(see (15)), A0 ⊆M0(V ′). Since A0 is maximal in L0, we have A0 =M0(V ′). 
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subalgebra of L0. Define the graded subalgebraM(L−1,A0) of L by
M(L−1,A0) =
⊕
i2
Mi (L−1,A0), (23)
where Mi (L−1,A0) = Li , i < 0; M0(L−1,A0) = A0, Mi (L−1,A0) = {u ∈ Li |
[u,L−1] ⊆Mi−1(L−1,A0)} for i > 0.
Proposition 4.3. Let L be a simple Lie p-algebra of type Wn, Sn, or Hn, and let A0 be a
maximal reducible subalgebra of L0. Then the subalgebraM(L−1,A0) is maximal in L.
Proof. To avoid a repetition of the arguments which were used to prove the maximality of
M(V ) in L (see Section 3, Propositions 3.4, 3.9, 3.14) we will only sketch the proof.
By (15) and (23), Mi (L−1,A0) ⊆ Mi (VA0). For each i > 0 the subspace
Mi (L−1,A0), is saturated with the elements of Li in the sense that, for all D ∈ L,
D /∈M(L−1,A0), we have 〈〈M(L−1,A0),D〉〉 = L, which ensures the maximality of
M(L−1,A0) in L. 
Proposition 4.4. Let L = Kn+1 and let A0 be a maximal reducible subalgebra of L0. The
subalgebraM(L−1,A0) is maximal in L if and only if the subspace VA0 is degenerate.
Proof. It follows from Lemma 3.13(b) that the subspace VA0 can be isotropic, degenerate
with an isotropic subspace of dimension n, or nondegenerate.
(a) Suppose that VA0 is isotropic or degenerate with an isotropic subspace of dimen-
sion n. One can assume that VA0 = 〈xi | i ∈ I1〉, I1 = {1, . . . , k}, or VA0 = 〈xi | i =
1, . . . , n + t〉, k  n, t < n, otherwise (see Lemma 1.5), there exists an automorphism
Φ ∈ Aut(Kn+1) such that Φ(VA0) has the above form. Further, for the monomials in Kn+1
which do not contain the variable z, define ν(xi), i = 1, . . . ,2n by (18).
The subspaceM1(L−1,A0) = M01 +M11 , where M01 = Ann(L−2)∩M1(L−1,A0).
Remark. To prove the maximality of M(L−1,A0) in Kn+1, it is sufficient to show that
the components Mj1 are nonzero for j = 0,1.
Indeed, the subspace L1 is the direct sum of the subspaces L1j , j = 0,1, which are irre-
ducible L0-modules. By definition, Mj1 ⊆ L1,j . Next, if D ∈ Kn+1 and D /∈M(L−1,A0),
then the subalgebra 〈〈M(L−1,A0),D〉〉 contains L0 as well as the component L1 if
M
j
1 = {0}, j = 0,1. Hence, 〈〈M(L−1,A0),D〉〉 = Kn+1.
Since the monomials in the variables {xt | ν(xt ) = 0} from L1 belong to M01 , the ele-
ments of the form xtz, ν(xt ) = 0, are contained in M11 , and the subalgebraM(L−1,A0) is
maximal in Kn+1 according to the previous remark.
(b) Let VA0 be irreducible, so that VA0 = 〈xi | i ∈ I1 ∪ I 1〉, I1 = 1, . . . , k, k < n. The
subalgebra A0 coincides with 〈〈xixj | ν(xixj ) = 1 or ν(xixj ) = 4〉〉. The subspace M01 ⊆M1(L−1,A0), which annihilates L−2 is generated by the monomials in the variables {xi |
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L−2, then u = f z+ f1 where f ∈ L−1 and f1 ∈ L1. The subalgebra A0 contains the torus
〈xixi˜ | i = 1, . . . , n〉; hence, one can assume that f = xi , for some i , 1 i  2n.
If ν(xi) = 1, then, for any xt , t = 1, . . . ,2n, we have
[xt, u] = −xtxi + {xt, xi}′z+ {xt , f1}′ ∈ A0. (24)
The element f1 = f ′1 +f ′′1 +f ′′′1 where f ′1, f ′′1 are linear combinations of monomials in the
variables {xi | i = 1, . . . ,2n} of weight 2 and 4, respectively; the monomials in f ′′′1 have
weights 1 or 8.
For the variables xt , ν(xt ) = 1, condition (24) is equivalent to{
xt , f
′
1
}′ + {xt , f ′′1 }′ ∈ A0.
The element {xt , f ′′1 }′ is the sum of monomials of weight 4; i.e., {xt , f ′′1 }′ ∈ A0. Therefore,{xt , f ′1}′ ∈ A0. Since A0 does not contain monomials of weight 2 and {xt , f ′1}′ is a linear
combination of monomials of weight 2, we have {xt, f ′1}′ = 0. The equality {xt , f ′1} = 0
for all t ∈ I1 ∪ I 1 is possible only if f ′1 = 0.
For the variables xt , ν(xt ) = 2, (24) implies that
−xtxi +
{
xt , f
′′
t
}′ ∈A0. (25)
The element xtxi has weight 2 and {xy, f ′′1 }′ is a linear combination of monomials of
weight 2; hence, for all t such that ν(xt ) = 2, we get{
xt , f
′′
1
}′′ = xtxi . (26)
Let t = k + 1; then a polynomial f ′′1 satisfying (26) is a solution to the equation
∂f ′′1
∂xn+k+1
= xk+1xi. (27)
Any solution to (27) can be put in the form
f ′′1 = xk+1xn+k+1xi + f˜1
′′ (28)
where f˜1
′′ does not contain the variable xn+k+1.
For t = n+ k + 1 (26) and (28) imply that
∂f˜1
′′
∂xk+1
= −2xn+k+1xi,
which contradicts the condition ∂f˜1
′′
∂xn+k+1 = 0. Therefore, the subspaceM1(L−1,A0) does
not contain elements of the form xiz+ f1, ν(xi) = 1.
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form xiz+ f1, ν(xi) = 2; i.e.,M1(L−1,A0) ⊆ Ann(L−2)∩L1.
Further, it is easy to see that M1(L−1,A0) ⊆ AnnL−2. Therefore, [Mi (L−1,A0),
L−2] = (0) for all i > 0. It follows that the subalgebraM(L−1,A0) is strictly contained in
L−2 +L−1 +L0 +L1,0 + · · · +Lr ′,0
(see Theorem 2.1(4)); i.e.,M(L−1,A0) is not maximal in Kn+1. This completes the proof
of Proposition 4.4. 
Thorough analysis of the proof of Proposition 4.3 leads to the following conclusions.
Theorem 4.5 (W). The algebra Wn contains exactly n−1 classes of maximal R-subalgeb-
ras. Representatives of these classes can be chosen as
Mk = DerF [XI2] + F [XI2] · DerF [XI1],
where I1 = {1, . . . , k}, I2 = {k + 1, . . . , n}, 1 k  n− 1, and
dimMk = kpn + (n− k)pn−k.
Theorem 4.5 (S). The algebra Sn contains exactly n classes of maximal R-subalgebras.
Representatives of these classes can be chosen as
Mk =M(L−1,Ak),
where Ak =M0(Vk), Vk = 〈 ∂∂xi | 1 i  k〉, 1 k  n.
Theorems 4.5(W) and 4.5(S) follow directly from Proposition 4.3 and the results of
Section 3.
Theorem 4.5 (H). The algebra Hn contains exactly n/2 + n classes of maximal R-
subalgebras. Representatives of these classes can be chosen as
(a) Mk = H˜k ⊕ H˜n−k, k = 1,2, . . . , n/2,
where H˜k (H˜n−k) is a subalgebra of Hn whose vector space coincides with F [XI1∪I 1]
(F [XI2∪I 2 ]), I1 = 1, k (I2 = k + 1, n), and
dimMk = p2k + p2(k−1) − 2.
(b) M ′k = B1 +B2, 1 k  n,
where B1 is an ideal in M ′k whose vector space coincides with F [XI1∪I2∪I 2]; B2 is a
subalgebra with vector space 〈F [XI1 ] · XI1〉. B2 is isomorphic to Wk as a Lie algebra.
Further, dimM ′s = p2n−s + sps − 1.
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Lemma 3.13, VA0 is isotropic, or has an isotropic subspace of dimension n, or is non-
degenerate.
(a) Suppose VA0 is nondegenerate. Taking into account Lemma 1.4, we can assume that
VA0 = 〈xi | i ∈ I1 ∪ I 1〉, I1 = {1, . . . , k}, I2 = {k+ 1, . . . , n}, A0 = 〈〈xixj | i, j ∈ I1 ∪ I 1 or
i, j ∈ I2 ∪ I 2〉〉, 1 k  n− 1.
Determine the weights of the variables xi , i = 1, . . . ,2n, according to (21). Note that
any element of Hn, which is a linear combination of monomials of weight 1, belongs to
the subalgebra M(L−1,A0). Denote by H˜k the subalgebra of Hn generated by all the
monomials from M(L−1,A0) of weight 1. It is clear that the vector space of the subal-
gebra H˜k coincides with F ∗[XI1∪I 1], and that H˜k contains a subalgebra of codimension
one, which is isomorphic to the Hamiltonian algebra Hk . Further, if u is a monomial of
degree t , and ν(u) > 1, then u ∈M(L−1,A0) if and only if ν(u) = 2t . Hence, any ele-
ment ofMi (L−1,A0), i > 0, is a linear combination of monomials of weight 1 or 2i+2.
Consequently, only monomials from F ∗[XI2∪I 2] have weights greater than 1 and lie in
M(L−1,A0). Let H˜n−k be the subalgebra generated by the monomials fromM(L−1,A0)
of weight > 1. It is clear that M(L−1,A0) = H˜k ⊕ H˜n−k . Since the vector space of the
algebra H˜n−k coincides with F ∗[XI2∪I 2], we get
dimM(L−1,A0) = p2k +p2(n−k) − 2.
Set Mk = H˜k ⊕ H˜n−k .
The subalgebras Mk and Mn−k are conjugate in Hn. Hence, there exist exactly n/2
classes of maximal R-subalgebras in Hn whose null component has an invariant nonde-
generate subspace in L−1.
(b) Note that if a degenerate subspace VA0 has an isotropic subspace of dimension n,
then there exists an isotropic subspace V ′ ⊂ L−1 invariant under A0. Let VA0 = 〈〈xi | i ∈
I1 ∪ I 1 ∪ I2〉〉, where I1 = 1, k and I2 = k + 1, n. The subalgebra A0 is generated by the
monomials 〈xixj | ν(xixj ) = 1 or ν(xixj ) = 0〉. It is clear that V ′ = 〈xi | i ∈ I2〉 is invariant
under A0 andM0(V ′) = A0. So the case in which VA0 is isotropic and is essentially the
same as the case in which VA0 is degenerate with an isotropic subspace of dimension n.
Let VA0 be isotropic. Then one can assume that
VA0 = 〈xi | i ∈ I1〉 and A0 =
〈〈
xixj
∣∣ (i, j) ∈ I1 × 1,2n∪ I2 × I 2〉〉,
where I1 = 1, s and I2 = s + 1, n∪ n+ s + 1,2n, 1 s  n.
It follows from (19) and from the definition ofM(L−1,A0) that a monomial u ∈Hn lies
inM(L−1,A0) if and only if ν(u) = 2α , α > 0, or u = u1u2 where u1 is a monomial in the
variables of weight 0 and u2 is a monomial in the variables of weight 2, or u = xju′, j ∈ I 1,
u′ ∈ F [XI1]. Let B1 be the subalgebra of Hn generated by the monomials of F ∗[XI1∪I2],
and let B2 be the subalgebra whose vector space coincides with F [XI1] ·XI 1 .
The correspondence ψ :B2 → Ws , given by the rule
ψ :f xj → f ∂
∂x ˜j
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It is clear that Bi ∈M(L−1,A0) and M(L−1,A0) = B1 + B2. The subalgebra B1 is
an ideal inM(L−1,A0), and B2 acts on B1 as an algebra of derivations; i.e., the algebra
M(L−1,A0) is a splittable extension of the algebra B1 by means of B2.
Denote M ′s = B1 +B2 for s = 1,2, . . . , n. An easy computation shows that
dimM ′s = p2n−s + sps − 1.
This proves Theorem 4.5(H). 
4.3. Let L = Kn+1. Suppose that A0 is a maximal reducible subalgebra of L0. In this
subsection, we will describe maximal R-subalgebras of Kn+1.
According to Propositions 4.2 and 4.4 and Lemma 1.4, only the following cases are
possible:
(a) The subspace VA0 = 〈xi | 1 i  k〉, k  n, is isotropic in L−1. Consider the partition
of 1,2n determined by the subspace VA0 :
1,2n= I1 ∪ I 1 ∪ I2 ∪ I 2, I1 = 1, k, I2 = k + 1, n.
For monomials of Kn+1 which do not contain z, assign the weight ν according to (19). By
the definition ofM(L−1,A0) and Theorem 4.5(H), all the monomials from F [XI1∪I2∪I 2]
and F [XI1 ]XI1 lie inM(L−1,A0).
Lemma 4.6. An element u ∈ Kn+1 containing the variable z lies in M(L−1,A0) if and
only if u is a linear combination of elements of the form f (z − y0)(j) + g where f ∈
F [XI1∪I2∪I 2 ], g ∈ F [XI1∪I2∪I 2] + F [XI1] ·XI 1 , and y0 =
∑
l∈I1 xlxl˜ , 0 j  p − 1.
Proof. Necessity. The element g always lies inM(L−1,A0). It follows from the definition
of M(L−1,A0) that xi(z − y0) ∈M(L−1,A0) if ν(xi) ∈ {0,2}. Suppose that, for any
monomial f , degf = t , f ∈ F [XI1∪I2∪I 2], the following condition holds:
f (x − y0) ∈M(L−1,A0). (29)
If f ′ is any monomial of degree t + 1, then, for xi ∈ L−1, we have[
xi, f
′(z− y0)
]= −xif ′ + {xi, f ′}′(z− y0)− {xi, y0}′f ′. (30)
It is obvious that {xi, f ′}′ ∈Mt−2(L−1,A0) if f ′ ∈ F [XI1∪I2∪I 2 ].
According to our assumption, {xi, f ′}′(z − y0) ∈Mt (L−1,A0). For ν(xi) ∈ {0,2}, we
have {xi, y0}′f ′ + xif ′ ∈Mt (L−1,A0). If ν(xi) = 13 , then {xi, y0}′f ′ + xif ′ = 0. It fol-
lows that [xi, f ′(z − y0)] ∈Mt (L−1,A0) for all xi ∈ L−1. So, (29) holds for all the
monomials from F [XI1∪I2∪I 2].
Now suppose that, for any f ∈ F [XI1∪I2∪I2 ] and j  j0 <p − 1,
f (z− y0)(j) ∈M(L−1,A0). (31)
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xi, (z− y0)(j0+1)
]= −xi(z− y0)(j0) − {xi, y0}′(z− y0)(j0),
we get [xi, (z− y0)(j0+1)] ∈M(L−1,A0) for any xi ; i.e.,
(z− y0)(j0+1) ∈M(L−1,A0).
Further, if we once more apply induction on the degree of f , we can prove the inclusion
f (z− y0)(j0+1) ∈M(L−1,A0)
for any f ∈ F [XI1∪I2∪I 2]. This proves the necessity of the condition.
Sufficiency. We apply induction on degz(u). We first prove that any element of
M(L−1,A0) containing z to the first power is a linear combination of elements of the
form f (z − y0) + g, where f ∈ F [XI1∪I2∪I 2], and g ∈ F [XI1∪I2∪I 2] + F [XI1] · XI 1 . Let
u ∈M1(L−1,A0) contain the variable z. Then u = f1z+f2, where f1 ∈ L−1 and f2 ∈L1.
The subalgebra A0 contains the torus 〈xixi˜ | 1  i  n〉, so one can assume f1 = xt ,
1 t  2n.
If ν(xt ) = 0, then xtz ∈M1(L−1,A0) and f2 ∈M(L−1,A0). Suppose that ν(xt ) = 13 .
The condition u ∈M(L−1,A0) means that [u,xm] ∈A0 for any xm ∈ L−1; i.e.,
−xmxt + {xm,f2}′ ∈A0. (32)
The element f2 = h1 +h2 +h3 +h4 +h5 +h6 where h1, h2, h3 are linear combinations of
monomials of weights 127 ,
2
9 ,
4
3 , respectively; h4, h5 are linear combinations of monomials
of weight 0 such that any monomial in h4 has a factor of weight 13 and any monomial in
h5 contains a factor of weight 23 ; finally, h6 ∈M1(L−1,A0).
The condition (3) is equivalent to
−xmxt +
5∑
j=1
{xm,hj }′ ∈A0. (33)
Now, if ν(xm) = 0, then −xmxt + {xm,h3}′ + {xm,h4}′ + {xm,h5}′ ∈ A0. Consequently,
{xm,h1}′ + {xm,h2}′ ∈ A0 (34)
for any m ∈ I1.
Since {xm,h1}′ is a linear combination of monomials of weight 19 and {xm,h2}′ is a
combination of those with weight 23 , we have {xm,h1}′ = {xm,h2}′ = 0 for all xm, m ∈ I1.
This is possible only if h1 = h2 = 0. For xm, ν(xm) = 2, (33) implies
−xmxt + {xm,h3}′ + {xm,h4}′ + {xm,h5}′ ∈ A0. (35)
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−xmxt + {xm,h3}′ ∈A0. (36)
But the element −xmxt + {xm,h3}′ is either zero or a linear combination of monomials of
weight 23 . The subalgebra A0 does not contain elements of weight
2
3 , so (36) is possible
only if −xmxt + {xm,h3}′ = 0. In particular, for m = k + 1,
∂h3
∂xn+k+1
= xk+1xt . (37)
The solution of Eq. (37) can be written in the form
h3 = xk+1xn+k+1xt + h˜3, (38)
where h3 does not contain the variable xn+k+1.
For m = n+ k + 1, taking into account (38), we get
∂h˜3
∂xk+1
= 2xn+k+1xt ,
which contradicts the condition ∂h˜3
∂xk+1 = 0.
We have proved that an element of the form xmz+g is not inM(L−1,A0) if ν(xm) = 13 .
Let ν(xt ) = 2 and let xm be an element of weight 13 . The conditions h1 = h2 = 0,
combined with (33), imply that
−xmxt = {xm,h4}′ + {xm,h5}′ ∈A0. (39)
The element −xmxt + {xm,h5}′ is a linear combination of monomials of weight 23 . Hence,
h4 = 0 and −xmxt + {xm,h5}′ = 0 for any m ∈ I 1.
Any solution to the equation −xmxt + {xm,h5}′ = 0 can be written as
h5 = −
(∑
l∈I1
xlxl˜
)
xt .
Further, assuming ν(xm) = 2, one can verify that condition (33) implies h3 = 0. So, if
ν(xt ) = 2, then the element u = xtz+ f2 is inM1(L−1,A0) only if u = xt (z− y0)+ h6.
Suppose that any element of the form f x + f1 ∈M(L−1,A0) (where f is a polyno-
mial from F [XI1∪I2∪I 2], degf  j0 and f1 does not contain z) is a linear combination of
elements of the form indicated in the lemma. Now, if f ∈ F [XI1∪I2∪I 2] is a monomial of
degree j0 + 1 and f z+ f1 ∈M(L−1,A0), then
f z+ f1 − f (z− y0) ∈M(L−1,A0)
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does not contain z. So, by the inductive hypothesis, any element ofM(L−1,A0) containing
z to the first power is a linear combination of elements of the form f (z − y0) + g, where
f ∈ F [XI1∪I2∪I 2], g ∈ F [XI1∪I2∪I2 ] + F [XI1 ] ·XI1 .
Let u = f0z(i) + f1z(i−1) + · · · + fi ∈M(L−1,A0), where the polynomials fj , j =
1, . . . , i , do not contain z. Suppose that the conclusion of the lemma holds for all the
elements of M(L−1,A0) containing z to a power smaller than i . It is obvious that f0 ∈
F [XI1∪I2∪I 2 ]. Hence, f0(z−y0)(i) ∈M(L−1,A0). The element u−f0(z−y0)(i) contains
the variable z to a power smaller than i . By our assumption, it is a linear combination of
elements of the form f (z− y0)(i) + g. Therefore, so is u. Lemma 4.6 is proved. 
(b) Let VA0 be a degenerate subspace of L−1 with an isotropic subspace of dimension n.
As we pointed out before (see the proof of Theorem 4.5(H)(b)) A0 also leaves invariant
the isotropic subspace V ′ andM0(V ′) = A0. So, by Lemma 1.4, the maximal subalgebras
M(L−1,A0) in the cases (a), (b) of the present subsection are conjugate in Kn+1.
The above argument proves
Theorem 4.7. The simple p-algebra Kn+1 contains exactly n classes of maximal R-
subalgebras. Representatives of these classes can be chosen to be of the form Mk =
B1 +B2, where B1 is a subalgebra of Kn+1 with the vector space F [XI1∪I2∪I 2 ∪ (z− y0)],
I1 = 1, k, I2 = k + 1, n, y0 =∑l∈I1 xlxl˜ ; B2 is a subalgebra of Kn+1 isomorphic to Wk
with the vector space F [XI1]XI 1 ,
dimMk = p2n+1−k + kpk, 1 k  n.
4.4. In order to complete the description of the maximal graded subalgebras of simple Lie
p-algebras of Cartan type, it remains for us to describe the maximal S-algebras. Unfortu-
nately, we have not obtained their explicit description in a form similar to that which we
obtained for the maximal graded subalgebras satisfying the condition (∗) or (∗∗) as well
as for the R-subalgebras. Maybe one could get a better description if one had in hand a
complete list of all the irreducible subalgebras in the modular classical Lie algebras, which
has not been yet obtained.
Let L be a simple Lie p-algebra of Cartan type with the standard gradation and let A0
be a maximal irreducible subalgebra in L0.
Lemma 4.8. Suppose thatM1(L−1,A0) = (0). Then the subalgebraM(L−1,A0) is not
maximal in L.
Proof. It follows from the condition M1(L−1,A0) = (0) that M(L−1,A0) is a proper
subalgebra of L−2 +L−1 +L0. 
Proposition 4.9. Let L= Wn and let A0 be an irreducible maximal subalgebra of L0. The
subalgebraM(L−1,A0) is maximal in L if and only ifM1(L−1,A0) contains an element
D1 satisfying divD1 = 0.
H. Melikyan / Journal of Algebra 284 (2005) 824–856 853Proof. Let M1(L−1,A0) be maximal in Wn. Suppose that divD = 0 for any D ∈
M1(L−1,A0). ThenM1(L−1,A0) ⊆ L11 andMt (L−1,A0) ⊆ L1t where L1t = {D ∈ L1 |
divD = 0}, t  1. It follows thatM(L−1,A0) is a proper subalgebra of
L−1 +L0 +L11 + · · · +L1r ′ .
Contradiction! So, the maximality of M(L−1,A0) implies the existence of the desired
element.
Now suppose that there exists an elementD1 ofM1(L−1,A0) whose divergence in not
zero. First note that D1 is not in the subspace
L′′1 =
〈
D
∣∣∣∣∣D = xj
n∑
i=1
xi
∂
∂xi
, j = 1, . . . , n
〉
.
Indeed, the subspace L′′1 is an A0-module. Taking into account the action of A0 on L′′1
and the irreducibility of 〈xi | i = 1, . . . , n〉 with respect to A0 (which is easy to check),
we see that the A0-module L′′1 is irreducible. So, in the case D1 ∈ L′′1, we have L′′1 ⊆M1(L−1,A0). But A0 ⊇ [L−1,M1(L−1,A0)] ⊇ [L−1,L′′1] = L0, which is impossible,
since A0 is a proper subalgebra of L0. Therefore,D1 /∈ L′′1.
Let D′ be an arbitrary element of Wn, D′ /∈M(L−1,A0). Consider the subalgebra
〈〈M(L−1,A0),D′〉〉 of Wn. It is clear that L−1 + L0 ⊆ 〈〈M(L−1,A0),D′〉〉. Then it fol-
lows from [1, Chapter 1, Section 10] that if there exists D′ with divD′ = 0, D′, then
L1 ⊆ 〈〈M(L−1,A0),D′〉〉. Hence, 〈〈M(L−1,A0),D′〉〉 = Wn; i.e., M(L−1,A0) is maxi-
mal in Wn. 
Proposition 4.10. Let L= Sn or Hn. The subalgebraM(L−1,A0) is maximal in L if and
only ifM1(L−1,A0) = (0).
Proof. It follows from Lemma 4.8 that M1(L−1,A0) = (0) if M(L−1,A0) is maximal
in L. Suppose M1(L−1,A0) = (0). For L = Hn the irreducibility of the L0-module L1
implies the maximality ofM(L−1,A0) in Hn.
Let L = Sn. If n + 2 ≡ 0 mod (p), then the L0-module L1 is irreducible and therefore
M(L−1,A0) is maximal in Sn.
If n+ 2 ≡ 0 mod (p), the L0-module L1 has a unique proper submodule L′′1.
For any D ∈ Sn, D /∈M(L−1,A0), we have the inclusion〈〈M(L−1,A0),D〉〉⊇ L−1 +L0.
As in the case L = Wn, the nonzero elements ofM(L−1,A0) do not lie in L′′1 . So, letting
the elements of L0 act onM1(L−1,A0), one can generate all of L1. 
Finally, consider the algebra L = Kn+1.
Lemma 4.11. If A0 is an irreducible (not necessarily maximal ) subalgebra in L0, then the
subspace L1,1 = 〈xiz | 1 i  2n〉 is irreducible as an A0-module.
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Proposition 4.12. The subalgebraM(L−1,A0) is maximal in Kn+1 if and only if there
exists a nonzero element u1 ∈M1(L−1,A0) such that u1 /∈ Ann(L−2).
Proof. If u ∈ Ann(L−2) for any u ∈M1(L−1,A0), thenM(L−1,A0) is strictly contained
in
L−2 +L−1 +L0 +L1,0 + · · · +Lr ′,0,
where Li,0 = {h ∈Li | [h,L−2] = (0)}; hence,M(L−1,A0) is not maximal in Kn+1.
Suppose that the hypothesis of the proposition is satisfied. Since A0 is a proper sub-
algebra in L0 and since [L−1,L1,1] = L0, Lemma 4.11 yields that the element u1 ∈
M1(L−1,A0), u1 /∈ Ann(L−2), does not belong to L1,1. Consequently, M1(L−1,A0)
as an L0-module generates all of L1. Hence, for any D ∈ Kn+1, D /∈M(L−1,A0), we
have the equality 〈〈M(L−1,A0),D〉〉 = Kn+1. The maximality ofM(L−1,A0) in Kn+1 is
proved. 
4.5. Examples. (a) Let K3 be a simple contact Lie p-algebra over an algebraically closed
field F of characteristics p = 5. In [18], the author constructed a new simple p-algebra
L(1,1) over a field F of dimension 125. The algebra L(1,1) was realized as a graded
subalgebra of K3. Note that the components (K3)i and (L(1,1))i coincide for i = −2, −1,
and the component (L(1,1))0 is an irreducible maximal subalgebra of (K3)0 isomorphic
to W1 ⊕ F . The algebra M((K3)−1, (L(1,1))0) coincides with the algebra L(1,1) and,
according to Proposition 4.12, is a maximal S-subalgebra in K3.
(b) Suppose that F is an algebraically closed field of characteristic p > 3 and that
H(p−1)/2 is a simple Hamiltonian Lie algebra over F with the standard filtration (9). It
is known that L0 is isomorphic to a simple classical algebra C(p−1)/2. According to [10],
there exists an embedding of the algebra W1 into C(p−1)/2. It is obvious that, for the subal-
gebra A0 ⊆ L0, which is isomorphic to W1, L−1 is an irreducible A0-module. Further,
it follows from [17] that the algebra W1 is maximal in C(p−1)/2. Taking into account
the results of [11], we get from the definition of Cartan continuations (see [13,27]) that,
for the subalgebraM(L−1,A0) where A0  W1, the subspaceM1(L−1,A0) = (0); i.e.,
M(L−1,A0) is maximal in H(p−1)/2,
Actually, it is not difficult to construct subalgebras of H(p−1)/2 isomorphic to
M(L−1,A0). The subspace L−1 in H(p−1)/2 coincides with the vector space 〈xi | 1 
i  2n〉. One can check directly that the subalgebra A0 generated by
h1 =
(
(p−3)/2∑
i=1
xi+1xi+(p−1)/2
)
+ (−1)(p−3)/2x(2)(p−1)/2, h2 = x(2)(p+1)/2
is isomorphic to W1. The componentM1(L−1,A0) contains the element x(3)(p+1)/2. Hence,
M1(L−1,A0) = (0) and, by Proposition 4.10,M(L−1,A0) is a maximal S-subalgebra in
H(p−1)/2. From the results of [11], it follows thatM(L−1,A0) is isomorphic to H˜1 where
H˜1 is the subalgebra of H(p−1)/2 whose vector space coincides with F ∗[x(p+1)/2, x1].
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